INTRODUCTION
Rabinowitz [5] has determined all integers n for which x 5 ±x + n factors as a product of an irreducible quadratic and an irreducible cubic with integral coefficients. Using the properties of Fibonacci numbers, he showed that, in fact, there are only ten such integers n.
Theorem (Rabinowitz [5] ): The only integral n for which x 5 + x + n factors into the product of an irreducible quadratic and an irreducible cubic are n = ±1 and n = ±6. The factorizations are x 5 + x ± l = (x 2 ±x±l)(x 3 + x 2 ±l), x 5 + x±6 = (x 2 ±x + 2)(x 3= Fx 2 -x±3).
The only integral n for which x 5 -x + n factors into the product of an irreducible quadratic and an irreducible cubic are n = ±15, n = ±22,440, and n = ±2,759,640. The factorizations are x 5 -x ± 1 5 = (x 2 ±x + 3)(x 3 + x 2 -2x±5), x 5 -x ± 22440 -(x 2 + 12x + 55)(x 3 ± 12x 2 + 89x ±408), x 5 -x ± 2759640 = (x 2 ± 12x + 377)(x 3 + 12x 2 -233x ± 7320).
In this paper we investigate the corresponding question for the quintics x 5 ±x a +n, where a = 2,3, and 4. We show that for a = 2,3 there are only finitely many n for which x 5 ±x a +n factors as a product of an irreducible quadratic and an irreducible cubic, whereas, for a -4, rather surprisingly we show that there are infinitely many such n, which can be parameterized using the Fibonacci numbers. Our treatment of the polynomials x 5 ±x a +n makes use of the following three results about Fibonacci numbers.
Theorem (Cohn [1] , [2] ): The only Fibonacci numbers F k (k > 0) that are perfect squares are F 0 -0 2 , F 1 = F 2 = l 2 ,andF 1 2 -12 2 .
Theorem (London and Finkelstein [3] ): The only Fibonacci numbers F k {k > 0) that are perfect cubes are F 0 = 0 3 , F x = F 2 -I 3 , and F 6 = 2 3 .
Theorem (Wasteels [7] , May [4] ): If x and y are nonzero integers such that x 2 -xy-y 2 = s, where s -±1, then there exists a positive integer k such that
We remark that the above formulation corrects, and makes more precise, May's extension of Wasteels' theorem. To see that May's result is not correct, take x -13 and y = -8 in part (3) and (2.18), we have a = -1 and 6 = 2. Then, from (2.2) and (2.14), we get c = 1, </ = -1 , e = -2 , n --4 , and (2.1) becomes
which is one of the factorizations listed in Theorem 1. Now we turn to the case / ^ 0. As / * 0 and s> 0, by the theorem of Wasteels We define the nonzero integer h by
(3.14)
Then, from (3.7), (3.12), (3.13), and (3.14), we obtain With m = ±1 we have x 5 + wx 4 +w = (x 2 +mx + l)(x 3 -x + rri).
It is easy to check that x 2 + mx +1 and x 3 -x + m are irreducible for w = ±1. Thus, we may suppose from now on that a^m. Replacing x by -x in (4.1), we obtain the factorization
Thus, in view of (4.8), we may suppose without loss of generality that a > 0. Solving (4.3), (4.4), and (4.5) for c, d, and e, we obtain Also, as a > 0, we have F k _ x ^ 0 so k ^ 1 and thus k > 2. From (4.14), we have
Thus,
Then, from (4.10), (4.11), and (4.12), we obtain c = ~Fk
From (4.13), we get
Then (4.. 1) gives the factorizations
and two more obtained by changing x to -x. These are the factorizations given in the statement of Theorem 3. We now suppose that (4.17) holds. Then As a > 0, r > 0, and r > 0, we see from (4.17) that s> 0. Thus, 2r and r + s are positive integers, and so, by the theorem of Wasteels and May, we have for some positive integer k. Thus,
As s^0, we see that k ^2. Now 2|i^ <=> 3|/i (see [6] , p. 32), so as r and s are integers, we have
for some integer / > 1. Hence, by (4.17), we have 
which is negative for k >2. Hence,
which is negative for k >2. are irreducible over the rational field Q for k > 2 and 0 = ±1. This is done in the next section. It clearly suffices to treat only the case 6=\.
IKMEDUCIBILITY OF TWO CUBIC POLYNOMIALS
In this section we prove that the two cubic polynomials
are irreducible over the rationals for k > 2. Before proving this (see Theorem 4 below), we prove three lemmas. Theorem 4: For k > 2 the cubic polynomials f(x) and g(x) are irreducible over the rationals.
Proof: Suppose f(x) is reducible over the rationals. Then, by Lemma 3, f(x) has exactly one real root, which must be rational and, in fact, an integer. so that -1 < s < 0, which is impossible. Hence, g(x) is irreducible over Q.
